The Cesàro and the Riemann methods of summation are both intimately connected with the theories of Fourier and trigonometric series. It is therefore natural that the relation between these methods should have been investigated in some detail. For instance Verblunsky [2] has proved that, when k is a positive integer, summability (C, fe -5) implies summability (R, fe + 1); and Kuttner [l] has proved that, for fe=l, 2, summability (R, k) implies summability (C, fe+5).
(C, fe+5).
Riesz's typical means generalise Cesàro summability and there is a corresponding generalisation for Riemann summability.
Since both these methods are appropriate for dealing with almost periodic functions, we wish to establish a connection between them.
The notation we shall use is the following.
Riesz's typical means. If fe>0, 0=X0<Xi<X2< • ■ • and
as co->*>, then ^m" is said to be summable (R, X», fe) to s.
Riemann summability. If fe is a positive rational number with odd denominator, 0 <Xi <X2 < • • • and » /sin\BA\* «0 + 2^ ( ) «n -» S n-1 \ An« / as fe->0, then ]£M» IS said to be summable (22, fe, X») to s.
The object of this note is to prove the following result.
Theorem. Suppose Xo = 0, 0<£=X"+i-X"á(Z for all » and ^T-o M»> is summable (R, X", 1) to t. Then y^T_n un is also summable (R, fe, X") to t when k>2 (and k is a rational number with odd denominator).
Before proceeding with the proof we might mention that, although our result is new even when {X"}={«}, from the point of view of applications it would be more desirable to proceed from a nonintegral Riesz mean to Riemann summability of an integral order. However this problem appears to be a very formidable one because of the difficulty of dealing with nonintegral Riesz means.
Proof of the theorem. For ra = 1 we put tn=±(l--)ur r=0 \ Xn/ so that the hypothesis of the theorem implies that /"-H as ra-> <*>. We
where sn = uo+ui+ • ■ ■ +un, and so
It follows that, for ra = 2,
and, since Xo = 0, (1) is easily seen to hold for ra = l also, whatever value is assigned to fo. We wish to express our thanks to the Sandia Corporation of Albuquerque, New Mexico, which financed a project of which this paper is a part.
